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irward and backward proof rules for program verification*)

meraal

\ACT

The notions of "strongest verifiable consequent" and '"weakest precon-
m'", introduced by Floyd and Dijkstra, respectively, suggest a partition
‘0oof rules into forward and backward rules. New notations for such rules
roposed and motivated. The paper advocates the '"total correctness'

. of view. Forward and backward rules are specified for assignment
ments, conditional statements and while statements. Proof rules may be
.ed to one another; some of such relationships are presented with refer-

to set theory.

ORDS & PHRASES: program verification, program correctness.

is report will be submitted for publication elsewhere.




TRODUCTION

rify the correctness of a program it is helpful to insert valid asser-
as comments in the program text. Naur [7] describes how these comments
e regarded as '"general snapshots' and suggests to use them in correctness
s. Floyd [1] introduces the notion of the "strongest verifiable con-
nt" for a given antecedent and a given program statement. Indeed, we
ot interested in juét some assertion that holds upon the completion of
tement, but only in the strongest one. In contrast to the ("forward")
ation of a postcondition from a given precondition, there are "backward"
, introduced by Hoare [2], to derive the weakest precondition which
es that a given postcondition is satisfied upon completion of a state-
Manna [4] deals with another classification of proof rules. He distin-
es between total and partial correctness (also termed strong vs. weak
ication). Proof rules are strong if preconditions for statements ensure
nation of the statements. If termination is not required, proof rules
alled weak. Like Hoare, Dijkstra [3] discusses backward rules and calls
"predicate transformers'". In this context he briefly refers to the con-
of a "state space" which has also been used in papers on semantics by
, Strachey, De Bakker and others. How state-space transformations are
is for strong verification rules has been described in [10].
is no reason to restrict our considerations to backward proof rules.
dominance over forward rules in most papers on program verification
obably due to two circumstances. First, the actual application of
's (backward) axiom for the assignment statement involves less labour
Floyd's (forward) axiom. Secondly, as we shall see later on, the former
‘es better than the latter with respect to the conjunction of conditioms.

r as backward rules are concerned, our subject matter is related to a -

© of Basu and Yeh [9].

'RWARD AND BACKWARD PROOF RULES

y that a (syntactically correct) program statement terminates if it
e executed in a finite amount of time and yields a well-defined result.
mote assertions about program variables by P and Q, and statements by

istead of "immediately before the execution of S" we simply say "before S"
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ilar meaning has "after S". In this terminology Hoare's notation

P{sS}qQ

"If P is true before S and if S terminates,

then Q is true after S".

rules of this type are called weak. They allow, for example, cases

|x] <1 {x := 1/x} Ix| > 1. : (n

, however, a good convention in mathematics that formulas involving
.on are complemented by conditions which ensure that every denominator
1-zero. We therefore insist that |x| < 1 in (1) be replaced by

¢/ < 1. Considerations like this lead to stromg proof rules which we

as

{P}s{qQ}.
meaning is:

"If P is true before S, then S terminates and Q

is true after S".

‘unately, even strong rules are too tolerant for our purposes. We do

int the rule
{0 < Ix| <1} x:=1/x {|x] > i}.

re feel the need to require that the postcondition be as strong as

'le., There is another unsatisfactory aspect. In
{x=3} x:=x*x {x=9} (2)

stcondition x = 9 is as strong as possible and we are completely

.t with (2) as long as we regard it as the solution of

{x=3} x:=xxx {?}. (3)




er, (2) is dubious if it stems

{?2} x:=x*xx {x=9 (4)
in (4) we would replace the ¢q n mark by |x| = 3 rather than
like (3) and (4) need differe ds of proof rules. To solve (3)

ed a forward rule, which yield strongest postcondition. For (4)
ed a backward rule yielding th est precondition. Obviously, the
ions P{S}Q and {P}S{Q} are to etric to serve both purposes. We
fore introduce two new notatio ing the previously defined form

Q}:

P}S[Q] is a forward rule.

ts meaning is given by
. {P}s{Q}, and
. If {P}S{Q'} then Q = Q".

P1s{Q} is a backward rule.
ts meaning is given by

. {P}s{Q}, and

. If {P'}s{Q} then P' = P.

les of (valid) rules in this r m are:
{Ix| > 3} X 1= X*X [
{x > 3} X 1= X*X -
Clx] >3] =x :=x*x C
{0< x|l <1} x := 1/x 1].

‘0llowing rules are invalid:

[x > 3] X 1= X*X F,

{Ix] <1} x:=1/x 11,

{0<|xl<1} x :

1/x 11,




rent preconditions

ciated with every statement S is a w
S terminates. We call this conditio

ally P, can be defined by

S
[PS]S{true}

identify equivalent conditions such

larly, true is identified with e.g.
ples of inherent preconditions are g
[x#0] x:=1/x {true},

[i=0,1,2,...] while i#0 do
e are many statements whose inherent
uch a statement is

while i>0 do i := i-1 od.

all a precondition P strong enough (
definitions that {P}S[Q] and [PIS{Q}
gh for S.

ROOF RULES FOR SPECIFIC STATEMENT TY

hall now deal with forward and backw
ements, conditional statements, and
er two statement types may contain o
rbitrarily complex. We shall restric
ables. In a more semantical context,

with subscripted variables.

Assignment statements (forward)

is strong enough then
{Px)} x := 0(x) [3x0 : P(XO)

xample is:

precondition which ensures

inherent precondition Pg of S.

0, 0 < x and x3 > 0;

2 and (x+1)(x-1) = xz- 1.)

ithin the square brackets in

-1 od {true}.

nditions are true. An example

if P> PS. It follows from

e valid only if P is strong

'oof rules for assignment
statements. Notice that the
tatements and may therefore
elves to unsubscripted

kker [5] has shown how to

@(xo)].




{x+y >0} x := x~y [on : X

0-1'-y>0 A x=xo—y].

liminating X the derived postcondition in this example is s
F2y > 0.
forward rule was introduced by Floyd [1].

\ssignment statements (backward)

[Qo(x))] x := 9(x) {Q(x)}.

backward rule was introduced by Hoare [2] and is often appl

3 on programming.

Jonditional statements (forward)

’AB}SIEQIJ and {PA'TB}Sz[Qz], then {P} if B then S, else s, £

3 curious that this useful forward rule is missing in most p.

ram verification. As an example, we infer from

{x+y>0 A x>0} x := x=1 [x+y > =1 A x>-1]

{x+y>0 A x<0} y :=y+1 [x+y > 1 A x<0 ]

{x+y >0} if x>0 then x := x-1 else y := y+1 fi

[(x+y>=-1 A x>=1) V (x+y>1 A x<0)]

conditional statements (backward)

’IJSI{Q} and [PZJSZ{Q}, then [(P]AB)V (PzAﬂB)J if}SthenS]j

most useful backward rule is well-known. Dijkstra [3] calls

ym of Binary Selection".

Thile statements (forward)

is strong enough (for the while statement), then
{P} while B do § od [1BA (UyVU,VU,V...)],
: Uk are given by:

U0 = P, {BAUk_]}S[Uk] k =1,2,...).

ied

text-

on

£i{Q)

w




hile statements (backward)

[VOVVIVVZ

-V, are given by:

v...] while B do S od {Q},

Vo= (ABAQ), V, = (BAW,) with [wk]s{vk_l} k=1,2,...).

'k on while statements

o the infinite disjunctions occurring in the rules for while statements,
rules seem less attractive than the weaker but simpler "rule of itera-
introduced by Hoare [2]. On the other hand, a user of Hoare's rule

himself find an appropriate "loop invariant", which is not always easy.

0] some simple applications of the rules given here are shown.

OPERTIES OF PROOF RULES

r of proof rules will sooner or later get interested in certain rela-
hips between various rules. He might, for instance, wonder in what
mstances forward and backward rules are mutually inverse, or he might

imself whether or not
{p,AP,}s0Q,AQ,]
1lid if it is given that {PI}S[QIJ and {PZ}S[QZJ are valid. We shall

fore briefly deal with a number of those relationships. Their justifi-

n is based on simple and well-known set—theoretical facts, such as
f(XnY) ¢ £X) n £(Y).

roof rules under discussion can be formulated in terms of transforma-

in state spaces, which was the approach taken in [10]. Every condition
program variables corresponds to a subset XP of a state space; XP is the
f exactly those states that satisfy P. Then {P}S[Q] and [PIS{Q} corres-

respectively, to
£(X,) = X, and f_](XQ) = Xp-

ome program statements the associated functions f are one-to-ome. These

am statements are characterized by the following definition. We call a




ment S injective if P' = P" whenever both {P'}S[Q] and {P"}S[QJ.
mmtion the following six properties:

If S is injective, then

{P}S[Q] implies [PI1S{Q}.

If {PS}S[true], then
[PIs{Q} implies {P}S[Q].

If {PI}S[Q]] and {PZ}S[QZJ, then

a. P1 =-P2 implies Q1 ='Q2;

b. {P,vP,1S[Q,vQ,];

c. If S is injective, then
{PIAPZ}S[QIAQZJ'

If [Pl]s{Ql} and [PZJS{QZ}, then

a. Q] = Q2 implies P] = P2;

b. [P vP,18{Q,vQ,};

c. [PIAPz]S{QlAQz}.

(Comparing (iii)c and (iv)c we see that backward rules behave better

than forward ones with respect to conjunction.)
{P}s[false] if and only if P = false .
(Here our convention that P must be "strong enough" for S is essential

[PIS{Q} implies [PSAWP]S{WQ}.
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